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The  calcula t ion of the t e m p e r a t u r e  and rad ia t ion  intensi ty in a reg ion  a t  the boundary of which mult iple  
re f lec t ion  and r e f r ac t i on  of light is poss ib le  is ,  in genera l ,  a complex  and l i t t l e - inves t iga ted  probh~m in the 
theory  of complex  hea t  t r a n s f e r .  It  is t h e r e f o r e  na tura l  that  we should wish to cons ider  models  which, wi th-  
out losing s ight  of the ma in  fea tu res  of the phenomena and r ema in ing  of p r ac t i ca l  value,  enable  one to reduce  
the m a t h e m a t i c a l  diff icul t ies  to r easonab le  l imits .  

The  t rad i t iona l  p rob l em  of rad ian t  hea t  t r a n s f e r  is  a p rob l em of a plane l ayer  in which the t e m p e r a t u r e  
and rad ia t ion  intensi ty v a r y  only over  its th ickness  [1, 2]. Another  type of p rob lem a r i s e s  when invest igat ing 
hea t  t r a n s f e r  in thin reg ions  when the mean  t e m p e r a t u r e  va r i a t i on  occurs  along the region,  while t r a n s v e r s e  
to the reg ion  the t e m p e r a t u r e  can be  r e g a r d e d  as p rac t i ca l ly  constant.  Such a "one-dimensional"  approach  has  
been  known for a long t ime  in the theory  of hea t  conduction. However ,  in the theory  of rad ia t ion-conduct ion  
heat  t r a n s f e r  it  has  only recen t ly  been  developed,  although the p rob lem in this formula t ion  is not only of theo-  
r e t i c a l  but a l so  of cons iderab le  p rac t i ca l  in te res t ,  for  example ,  when ex t rac t ing  s e m i t r a n s p a r e n t  c r y s t a l s  
f r o m  a m e l t  using the Czochra l sk i  or Stepanov method.  

In this  paper  we cons ider  hea t  t r a n s f e r  in a thin c i r cu l a r  cyl inder  surrounded by a cy l indr ica l  s c r e e n  
with an a x i s y m m e t r i c a l  t e m p e r a t u r e  dis t r ibut ion.  The  gap be tween the s c r e e n  and the cyl inder  is evacua ted  
or  fi l led with a gas  having a low absorpt ion.  It  is a s s u m e d  that  the following re la t ions  a r e  sat isf ied:  

d/z << t, kd << 1, a/z << l, (1) 

where  d is the d i a m e t e r  of the cyl inder ,  z is its length, k is the absorp t ion  coefficient ,  and a is the d is tance  
be tween the cyl inder  and the sc reen .  Suppose the side su r face  of the cyl inder  is t r a n s p a r e n t  and ref lec t ing,  
and the conductivity is i so t ropic .  We wil l  a lso  a s s u m e  that t he re  is no sca t t e r ing  and the absorp t ion  coeff i -  
c ient  is independent of the t e m p e r a t u r e  and frequency.  One base  of the cyl inder  (which we will cal l  i ts  bottom) 
is a s s u m e d  to be heated and absolute ly  b lack,  while the other  is cold and diffusely ref lec t ing.  Note that  when 
drawing a c r y s t a l  f r o m  a m e l t  the bot tom c o r r e s p o n d s  to the c rys t a l l i za t ion  front.  

The  hea t -conduct ion  equation and the boundary  conditions for i t  can be wr i t ten  in the fo rm 

0 (̂j~,~_~x)._.t:_.~_~rl~.r~..~rOT'~ t O '  OT)= 4n2kaT~ k ~ i(x,  r, ~ )d~ ,  (2) 
4~  

for x = 0  T = To, 
for x = z T = T1; (3) 
for r = R OTIOr = O, 

where  n is the r e f r a c t i v e  index, a is S te fan ' s  constant ,  and i is the radia t ion  intensity.  Boundary condition 
(3) looks somewha t  unusual. Unlike the co r respond ing  condition for a radia t ing  nont ransparen t  cyl inder  it 
does not contain radia t ion  t e r m s .  This  is quite natural ,  however ,  s ince s e m i t r a n s p a r e n t  m a t e r i a l s  rad ia te  
ove r  the whole vo lume and, consequently,  the radia t ion  t r a n s f e r  of ene rgy  is taken into account  in the equation 
i t se l f  and not in the boundary  conditions. 

The  intensi ty  of the radia t ion  i is given by the equation 

duds ~- ki = nec~Ta/r~, 
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where  s is the length of the path  along the light beam.  Hence,  in accordance  with the above a s sumpt ions ,  

i = n2(lTa~ for x = 0, 

i - :  ~ -  i+d~ for x=z , .  

where  a is  the re f lec t ion  coeff icient .  

The intensi ty  of the rad ia t ion  is made up of the radia t ion  of the bo t tom of the cyl inder  if, of the cy l in-  
der  i t se l f  ic, of the s c r e e n  ie, and the rad ia t ion  i r r e f l ec ted  f r o m  the second cold base .  Correspondingly  

= .f idfl  = I I + I e + I e -I- I r. I 
4 ~  

We will  f i r s t  cons ider  the t e r m s  If and Ic. F igure  1 shows as  an example  b e a m s  a r r i v ing  at  an a r b i -  
t r a r y  point of the cyl inder  f r o m  a r b i t r a r y  po in t - sou rce s  on i ts  bot tom.  F o r  c la r i ty  the rece iv ing  point is  on 
the axis  of the cyl inder  so that  al l  the r a y s  lie in its mer id iona l  plane. It is obvious that  r a y s  t r ave l ing  f rom 
the bo t tom and incident  on the side su r f ace  of the cyl inder  a t  an angle l e s s  than the anglo of total  in ternal  r e -  
f lect ion ~o i wil l  l eave  the cyl inder  a f t e r  a c e r t a i n  number  of  re f lec t ions  so  that  a t  d i s tances  of the o rde r  of 
O(d t an r  the radia t ion,  f r o m  the bo t tom will  contain only those r a y s  which have  suf fe red  tota l  in terna l  r e -  
f lect ion f r o m  the s ide su r face .  A s i m i l a r  phenomenon occu r s  for the rad ia t ion  Ic of the cyl inder  i tself .  Tha t  
pa r t  which a r r i v e s  a t  the r ecep t ion  point a t  angles  l e s s  than ~ i  has  a spatial rad ia t ion  densi ty  of the o rde r  of 
O(d). Hence,  for  a thin cyl inder  in the rad ia t ion  f r o m  its bo t tom and f r o m  the cyl inder  i t se l f  we need only 
take into account  that  pa r t  of the ene rgy  which p ropaga tes  along the cyl inder  as  if along a light conductor.  

In o r d e r  to obtain e x p r e s s i o n  for  the l ight-guide p a r t  of the rad ia t ion  it  is b e s t  to change f rom a con-  
s ide ra t ion  of mul t ip ly  r e f l ec ted  b e a m s  a r r i v i n g  a t  the r ecep t ion  point f rom a point sou rce  to the d i r ec t  r a y s ,  
but  which come f r o m  a point image  of this source .  Then  in the e x p r e s s i o n s  for the spa t ia l  radia t ion densi ty  
we can  r ep l ace  the in tegra t ion  over  the volume of the cyl inder  and over  i ts  b a s e  by  in tegra t ion over  an ex -  
tended reg ion  cover ing  the images  of al l  those  point sou rces  the r a y s  f r o m  which, when a r r i v i n g  a t  the r e -  
ceiving point,  i n t e r s e c t  the side su r f ace  a t  an angle g r e a t e r  than ~ i  (see  Fig. 1). In this case  it is convenient  
to use loca l  cy l indr ica l  coord ina tes  connected with the r ecep t ion  point. 

Neglecting,  due to the s m a l l n e s s  of the i r  d i a m e t e r ,  the effect  of the change in t e m p e r a t u r e  over  the 
c r o s s  sec t ion  of the cyl inder  on the rad ia t ion  intensi ty,  we obtain 

z 
I ~ = 4cn2T4oF~ (x, r), I~ = 4(lnnk ~ F~ ( [ x - -  x '  I, r) T* (x') dx ' ,  

0 

where  

o o (x2 + p~)8/~ 
~t pdlx-x'l) 

Fo. ( I x - -  x' l, r) = ~ de .... (z -- x') ~" + p~ pdp, 
0 0 

(~[--rt 9~ r2 \1/2" ~ -  sin28 ) 

It can  be  s een  that  the boundary  of the region Pl (z) depends v e r y m u c h  on the r ad ia l  coordinate  r of the r e -  
ce iv ing point ,  and when r > R / n  t he r e  is a r ange  of va lues  of the angles  e for  which Pl (z) becomes  infinite, 
which c o r r e s p o n d s  to the p r e s ence  in tlle l ight-guide radia t ion of r ays  of inf lni te ly  longpath  length f rom thepoint  
s o u r c e  to the r ece iv ing  point. Th is  loads to cons iderab le  nonuniformity  in the spa t ia l  rad ia t ion  densi ty  over  
the c r o s s  sec t ion  of the cyl inder  - the s o - c a l l e d  "edge  e f fec t "  known f r o m  f iber  opt ics  [3]. 

Ca r ry ing  out the in tegra t ion  over  the angle e in Eq. (4) we obtain 
ba 

t~ - -  arcsin -hTr V t-i-~--t] ] dr,. 
n 

where F1 (x., 0) = 2~---- exp (-- kx) - -  -~-expi ( _  knx)  - -  ~ - ( E i  (kx) --.E~ (knx))  
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Fig. 1 

is the rad ia t ion  densi ty  f r o m  the bo t tom on the axis  of the cyl inder ;  

V e-t 
] f  t --  nSrU/R~ ' _ -7 -  dr. 

In Fig. 2 we show the d is t r ibut ion  F1 (x, r) over  the c r o s s  sec t ion  of the cyl inder  for s e v e r a l  va lues  of kx for 
the ca se  when n = 1.75 (sapphire) .  It can be  s een  that  in the reg ion  of the side su r face  the rad ia t ion  densi ty  
m a y  be  1.5 t imes  g r e a t e r  than the co r respond ing  value on the cyl inder  axis .  

We wil l  obtain the m e a n  va lues  of F1 and F2 over  the c r o s s  sect ion.  In tegra t ing (4) and (5) over  the 
rad ius  and changing the o rde r  of in tegrat ion twice,  we obtain 

t ~exp(--tkx) I dFlc(z) 
F~c (x) = -~- J ~ (t --  ~ (t)) dt, F2c (z) k dz ' 

1 

r (t) = ~ t  - , "  . V,T2"I-I t l f t ~ - ~  / for t > n. 
arcsin ~ - t - ~  t ~ - t  } 

It is in te res t ing  to note that  when n = 1.75, Flc = 0.336 and, consequently,  the l ight-guide pa r t  of the 
rad ia t ion  f r o m  the bo t tom of the cyl inder  r e p r e s e n t s  66% of the to ta l  rad ia t ion  concent ra ted  in the hemisphe re .  
It  can a l so  be  s een  that  

(e-k~ - -  kxE~ (kx) ) ,  lira Flc = 0, and lira F l c =  -~- 

i .e . ,  i t  is equal  to the rad ia t ion  f r o m  an  infinite plane. 

In o rde r  to obtain the one-d imeus ioua l  approx imat ion  for  Eq. (2), we wiU in tegra te  it over  the c r o s s  s e c -  
t ion of the cyl inder .  Introducing the d imens ion le s s  v a r i a b l e s  (to s impl i fy  the notation the b a r  w in  be omit ted 
hencefor th )  

, 7 - - - - J - - -  ~ , X - - ~  = -7" 0 = _T,  _ _ r e  4onST~ ~o 

and putting 

4(m2kT~ 
rn,~--- - - - ~ - 0 5  

we obtain an equat ion which is s i m i l a r  in s t r u c t u r e  to the equat ion for a plane l ayer  

d ( ~_O_~.~\X(O)..] = m  0 ' - -  F l o ( x ) - - k  ~ L - -  
0 

for  x =  0 , |  1, and for  x =  1, |  @l- 

To  in tegra te  this  equation it is n e c e s s a r y  to speci fy  the radia t ion f rom the s c r e e n  and to de t e rmine  the 
r e f l ec t ed  rad ia t ion  f r o m  the cold cone of the cyl inder .  The  la t te r  is ea s i ly  obtained by  taking into account  
once again  only the light guide p a r t  of the r e f l ec t ed  r a y s .  Then  

(6) 

l , (x)  = =FIr --  x)(1, + Ic + I,)1,=1. 
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The  s i tuat ion is  m o r e  complex  when Ie is specif ied.  De te rmin ing  it  r i go rous ly  involves cons iderable  compu-  
ta t ional  diff icul t ies  due to the combinat ion  of r e f r a c t i o n  and mult ip le  re f lec t ion  on the s ide su r face  of the 
cyl inder .  However ,  in the p r o b l e m  cons ide red  we can obtain an approx ima te  exp re s s ion  for  the s c r e e n  r a d i a -  
t ion by  the following d iscuss ion .  

Suppose the cyl inder  and the s c r e e n  a r e  infinitely long and the whole s y s t e m  is at  a constant  t e m p e r a -  
t a r e  T.  Then,  as  follows f rom (6), 

04 - -  2Flc(0)O 4 - -  Ie = 0, 

Le . ,  the ene rgy  lo s ses  by rad ia t ion  in an a r b i t r a r y  sec t ion  of the cyl inder  is compensa ted  by  the l ight-guide 
rad ia t ion  2Fie  (0)) | and the rad ia t ion  of the sc reen .  Hence 

I e = (t - -  2Fle(0))O 4. (7) 

Bea r ing  a s sumpt ions  (1) in mind we can, f i r s t ly ,  neglec t  the ef fec t  of the cyl inder  on the s c r e e n  radiat ion,  
and, secondly,  a s s u m e  that  the s c r e e n  heats  locally.  Exp re s s ion  (7) will  then hold in genera l  if instead of T 
we subs t i tu te  the local  t e m p e r a t u r e  of the s c r e e n  Te .  

For  l a rge  absorp t ion  coeff ic ients  we can obtain the Rosse land  approx imat ion  for the l ight-guide flux. 
Then,  e v e r y w h e r e ,  in addit ion to the boundary  reg ions ,  Eq. (6) will  have the f o r m  

aTe. dt . Xl = 32 - -  6 na 

AS an  example  we wil l  cons ider  a sapph i re  rod  10 cm long. The t h e r m a l  conductivity can  be  approx ima ted  by  

the equat ion 

{ ~o(8:42-- 21.90 + i6.20 ~) for O < 0.676, 
~ '=  ~o for 0 ~ 0 . 6 7 6 ,  

, ~o ~-- 0.0t cal/sec.cm, degree. 

The  t e m p e r a t u r e  va r i a t i on  of the s c r e e n  can  be  a s s u m e d  to be  l inear :  

O e = t - -  0.5x, 

while T o is  equal  to the me l t ing  point of sapphi re  (2326~ In view of the fact  that  t he re  is no data avai lable  
for  the absorp t ion  coeff ic ient  of  sapphi re  a t  such high t e m p e r a t u r e s  the ca lcula t ions  w e r e  c a r r i e d  out for 
k = 0.02, 0.1, and 0.5. The  r e s u l t s  obtained a r e  shown in Fig. 3. 

The  author  thanks l~. A. T r o p p  for useful  d iscuss ion .  
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